We compute the p-adic regulator of cyclic cubic extensions of Q with discriminant up to 10 16 for 3 < p < 100, and observe the distribution of the p-adic valuation of the regulators. We find that for almost all primes, the observation matches the model that the entries in the regulator matrix are random elements with respect to the obvious restrictions. Based on this random matrix model, a conjecture on the distribution of the valuations of p-adic regulators of cyclic cubic fields is stated.
Introduction
The class group of a number field K is an important invariant of the field, providing information on the multiplicative structure of the number field. Another invariant of the field, the regulator, provides information on the unit group structure, and is intimately linked to the the class group by the class number formula. Various algorithms for class group computation have emerged over the years, culminating in Buchmann's subexponential algorithm which can be used compute class groups of arbitrary number fields [3] . Further improvements by Cohen, Diaz y Diaz and Olivier [7] allowed computation of both the class group and regulator in the same algorithm. Despite this and further improvements to the algorithm in the last 25 years [1, 2] , it is still impractical to compute the class group and regulator of number fields with large discriminants. The ability to compute class groups and regulators efficiently for arbitrary number fields has, and remains, a key focus in computational number theory.
With the development of these algorithms and the availability of computational resources, one has seen a rise of what is nowadays called arithmetic statistics. Instead of considering invariants of single arithmetic objects, one investigates the statistics of invariants of families of arithmetic objects. This has led to various deep conjectures about invariants of number fields, most notably Malle's conjecture on the distribution of Galois groups [14] , the Cohen-Lenstra-Martinet conjecture on the distribution of class groups [8, 9] and Malle's refinement thereof [16] . We extend this list of conjectures by providing a heuristic on the distribution of p-adic regulators of cyclic cubic fields.
The p-adic regulator R p (K) of a number field K was introduced by Leopoldt in his investigation of p-adic L-functions, and he conjectured that it is non vanishing. Unlike its classical counterpart, the p-adic regulator is only well defined if the number field is totally real abelian or CM. As a result, very little information is known about the padic regulator, in contrast to the classical regulator. Previous research on computing p-adic regulators has been predominantly focused on numerical verification of Leopoldt's conjecture rather than computing their exact value.
Limited work on the valuation of p-adic regulator was carried out by Miki [18] , who attempted to provide an upper bound on v p (R p (K)). This did not turn out to be useful in practice, as the formula contained terms whose values are not explicit. A simple lower bound on the valuation was also briefly mentioned by Hakkarainen in his PhD thesis [12] , but overall there has been little focus on this area, due to mainly difficulties with computing R p (K). In particular, Panayi, who was one of the first to compute R p (K) explicitly in his PhD thesis [19] , noted that there were significant practical difficulties with computing in p-adic fields.
Recent development in a p-adic class number algorithm by Fieker and Zhang [11] for totally real abelian fields made it possible to compute the p-adic regulator for these fields in a relatively efficient manner. This allowed us to compute the p-adic regulator for a large number of cyclic cubic extensions of Q, and the experimental data allowed us to conjecture and provide heuristics on the distribution of the values of v p (R p (K)).
Let K be the set of all cyclic cubic extensions of Q inside a fixed algebraic closure of Q. Note that such extensions are necessarily totally real. For a prime p let K un p and K ram p respectively denote the set of all fields in K which are unramified and ramified at p respectively. Note that
Based on heuristics and numerical data, we make the following conjecture: Conjecture 1. For primes p > 3 the following hold:
Definition and algorithm
Let K be a number field of degree n with unit group U K . We first define the (classical) regulator R(K) and its p-adic analogue R p (K), as the definition of R p (K) can be ambiguous. The field K has r 1 embeddings into R, denoted as τ 1 , . . . , τ r1 , and 2r 2 embeddings into C, denoted as conjugate pairs τ r1+1 , τ r1+1 , . . . , τ r1+r2 , τ r1+r2 , with r 1 + 2r 2 = n. Let u 1 , . . . , u r1+r2−1 be a system of fundamental units of U K , that is, these elements form a basis of the torsion-free quotient of U K . Consider the submatrix formed by deleting one column of the matrix
where δ i = 1 for 1 ≤ i ≤ r 1 and 2 if r 1 + 1 ≤ i ≤ r 1 + r 2 . As each row sums to zero, the determinant of such a submatrix is independent of the column deleted. The absolute value of this determinant, denoted by R(K), is also independent of the choice of the fundamental units and is known as the regulator of the number field K.
The p-adic regulator
The p-adic regulator can be defined similarly, with changes to the embeddings. By fixing an embedding from C p into C, any embedding of K into C p can be considered as either real or complex, depending on the image of K in the composite embedding into C. For totally real or CM fields, whether an embedding from K to C p is real or complex is independent of the choice of embedding from C p to C, but ambiguities will arise in other number fields. As cyclic cubic fields are totally real, the p-adic regulator is a well-defined object and does not depend on any choice.
We denote by σ 1 , . . . , σ r1 the real embeddings and by σ r1+1 , σ r1+1 , . . . , σ r1+r2 , σ r1+r2 the complex embeddings from K to C p . Then, the p-adic regulator R p (K) is defined as the determinant of the submatrix obtained by removing one column of the matrix
where log p is the p-adic logarithm, and u 1 , . . . , u r1+r2−1 and δ i as defined previously. As for the ordinary regulator, this value is up to units independent of the choice of the fundamental units and the column deleted.
Alternatively instead of deleting a column in the matrix, one can add a row of 1's to it. Again, due to each row summing to zero, the determinant is unaffected. This definition was introduced by Iwasawa [13] and was subsequently implemented in the algorithm by Fieker and Zhang [11] , part of which is used here with some modifications. This does have the disadvantage of calculating the determinant of a matrix one dimension higher than necessary, but it turned out that this is outweighed by leaving the structure of the original matrix intact.
It is important to note that we can replace the fundamental units with a set of independent units which generate a p-maximal subgroup of U K . More precisely, let u ′ 1 , . . . , u ′ r1+r2−1 be multiplicatively independent units and assume that the index of u ′ 1 , . . . , u ′ r+1+r2−1 , µ K in U K is coprime to p (here µ K is the set of roots of unity of K). Then one can show that the determinant of the submatrix obtained by removing one column of the matrix
is equal to the p-adic regulator modulo p-adic units.
By applying saturation techniques of Biasse and Fieker [2] on a tentative unit group, we can obtain a p-maximal subgroup of U K . The units are represented as a power product of some small elements α j and some large exponents e i,j ∈ Z in the form of
instead of in terms of some fixed basis of the field. This is due to the fact that u i may require up to O( |d(K)|/n) digits, and the power product representation not only permits more efficient storage of the result, but also speeds up the actual computation of log p σ j (u i ). The different p-adic embeddings are computed using standard techniques for p-adic factorisation or root finding. Alternatively once we have one fixed p-adic embedding we can make use of Q-automorphisms of the field to find the remaining embeddings.
Tables of number fields
In order to test our conjecture, we were in need of a large number of cyclic cubic extensions of Q. One possibility is to use the tables of cyclic cubic fields of discriminant < 10 16 compiled by Malle, which were used in [15] and based on the algorithm described in [5] . Instead, we took the opportunity to validate the data by computing the same table using a different method. More precisely, we used the algorithms based on global class field theory as provided by Fieker in [10] (see also [6] ). Since the base field is just Q, theory tells us that the cyclic cubic extensions K|Q are in bijection with pairs (f, U ), where f ∈ Z >0 is an integer and U ⊆ (Z/f Z)
× is a subgroup of index 3, modulo an appropriate equivalence relation. In fact f can be taken to be the conductor of K, which is the smallest integer such that K ⊆ Q(ζ f ). Hence in order to list all cyclic cubic fields of bounded conductor we enumerate all pairs (f, U ) with bounded f . Since the discriminant d K of a cyclic cubic field K of conductor f satisfies d k = f 2 , in this way we can enumerate all cyclic cubic fields with bounded discriminant. To obtain a defining equation of K|Q given the pair (f, U ) requires more work and involves the computing of discrete logarithms in (Z/f Z) × (see the references for more details). Since the conductor f must satisfy #(Z/f Z) × ≡ 0 mod 3 and the prime divisors of f are exactly the ramified primes of K|Q, this shows that if p is a ramified prime in K, then p ≡ 1 mod 3.
Note that we have found the same number of cyclic cubic fields of discriminant less than 10 16 , namely 15 852 618.
p-adic regulators of cyclic cubic fields
Our conjecture is based on several observations made from the results of the computation and statistics of random matrices. In this section, for each prime p we will construct sets
with the following property: for each cyclic cubic field K in which p is split, there exists A ∈ M split p such that R p (K) = det(A), and similarly for the other two cases.
We first note that there is a lower bound on the p-adic valuation of the regulator, depending on whether the field is ramified or not at p.
Lemma 2. For a field cyclic cubic field K we have
Proof. For a prime ideal p of K lying above p let ν p be the number of p-power roots of unity in the completion K p . By [4, Appendix, Lemma 5] we know that
where f (p|p) is the inertia degree of p over p. As v p (d(K)) = 2 if p is ramified and v p (d(K)) = 0 otherwise, the claim follows.
To analyse the p-adic regulators, we will make use of the Galois module structure of the unit group: we denote by U K the unit group of O K and for a subgroup U ⊆ U K we set U * = U/{−1, 1}. Let G = σ be the Galois group of K over Q. By [17] we know that for every prime p = 3 there exists a unit
* ] is prime to p. In particular the p-adic regulator can be computed using ε p and σ(ε p ).
The split case
For a prime p > 3 let us define
Proposition 3. Let K be a cyclic cubic field and p > 3 a prime which splits in
Proof. We set ε = ε p . Let µ ∈ Z[X] be the minimal polynomial of ε. Since p splits we know that µ factors over Z p as µ = (X − τ 1 (ε))(X − τ 2 (ε))(X − τ 3 (ε)), where τ 1 , τ 2 , τ 3 : K → Q p are the distinct p-adic embeddings. As f is also the minimal polynomial of σ(ε), we may assume that τ 1 (ε) = τ 2 (σ(ε)), τ 2 (ε) = τ 3 (σ(ε)) and τ 3 (ε) = τ 1 (σ(ε)).
In particular, the p-adic regulator can be computed as
Using this isomorphism, we equip M 
The ramified case
Let p be a prime with p ≡ 1 mod 3. As the group F × p /(F × p ) 3 has order 3 and Q p contains third roots of unity, there are exactly three cubic ramified extensions
and
Then there exists
Proof. We set ε = ε p . Let p be the prime ideal of K lying above p and K p be the p-adic completion. As ε ∈ K ⊆ K p and K p |Q p is cyclic with Galois group τ , the p-adic embeddings of ε are just ε, τ (ε), τ 2 (ε). Thus
As τ commutes with log p and ε is a unit, the claim follows using the fact that K p ∼ = K i for some i = 1, 2, 3.
The inert case
For a prime p > 3 denote by Q 
Proposition 5. Let K be a cyclic cubic field and p > 3 a prime which is inert in K.
Then there exists
Proof. Let p be the prime ideal of K lying above p.
p . Morevover, the Galois group Gal(K p |Q p ) is cyclic and the restriction Gal(K p |Q p ) → Gal(K|Q) is an isomorphism. The proof is now the same as in Proposition 4.
Let p > 3 be a prime. Note that for each x, the set M x p is a subset of Mat 3×3 (O) for some ring of integers O of a finite extension of Q p and therefore is naturally equipped with canonical finite measure allowing us to speak of random variables on M x p . Based on numerical observations, we make the following conjecture: 6
Conjecture 6. Let p > 3 be a prime. For x ∈ {split, ram, inert} and i ∈ Z ≥0 we have
where
Distribution of determinants of random matrices
For each x ∈ {split, ram, inert} we now compute the distribution of the random variable M x p → R ≥0 , A → v p (det(A)) and use this to make Conjecture 6 about the distributions of the valuations of p-adic regulators more explicit and accessible to numerical investigations.
For a quadratic form g ∈ Z p [X, Y ] we denote by X g the random variable , b) ). From the definition of equivalence of quadratic forms we immediately obtain the following consequence for the associated random variables. If h ∈ Z p [X, Y ] is another quadratic form, we write g ∼ h if g and h are equivalent, that is, if there exists B ∈ GL 2 (Z p ) such that g(X, Y ) = h((X, Y )B).
Lemma 7. Let g, h ∈ Z p [X, Y ] be quadratic forms and α
∈ Z p such that g ∼ αh. Then X g is in distribution equal to X h + v p (α).
Lemma 8. The random variable
Proof. For an element
The claim follows from applying Lemma 7.
it is sufficient to show it for each random variable
and denote by ζ ∈ O a third root of unity. As K|Q p is totally ramified we can find a primitive element α ∈ O such that O = Z p [α] and α has minimal polynomial X 3 − c with c ∈ Z p and v p (c) = 1. In particular we have a bijection
We may assume that σ(α) = ζα. Let A = ϕ(a, b). An easy calculations shows that det(A) = det(ϕ(a, b)) = −9abc. As p ∤ 9 and v p (c) = 1 we conclude that M A) ) is in distribution equal to X g + 1, where g = XY . As p ≡ 1 mod 3 we know that −3 is a quadratic residue modulo p, that is, there exists s ∈ Z such that s 2 ≡ −3 mod p. Consider the matrix
We now turn to the inert case. Unfortunately, in this case we only have the following conjecture, which basically states that the matrices used to compute the p-adic regulator, are uniformly distributed. 
Conjecture 10. The random variable
for some x ∈ {split, ram, inert}. We now want to compute the probability that the valuation of the determinant of a randomly chosen matrix in M has given value. Since we have seen that M → R ≥0 , A → v p (det(A)) is in distribution equal to X f + 1 or X f + 2 respectively, where f = X 2 + 3Y 2 , it is sufficient to determine the probability pr(X f = i), i ∈ Z ≥0 . Now pr(X f = i) = µ(M i ), where
and µ is the Haar measure on Z p × Z p with µ(Z p × Z p ) = 1. Note that since our form f has integer coefficients, for any commutative ring we have a unique evaluation map R × R → R, (a, b) → f (a, b) compatible with the unique morphism Z → R.
Lemma 12. For i ≥ 0 we have
2 the canonical projection and by µ k the normalised counting measure on (Z/p k Z) 2 . As (Z p ) 2 is the projective limit of the measure spaces ((Z/p k Z) 2 ) k≥1 , we have , y) ) = i} and for k large enough we have v p (f (x,ȳ)) = i if and only if v p (f (x, y)) = i.
Lemma 13. For k ≥ i we have
For a commutative ring R let us denote by X(R) the set {(x, y) ∈ R 2 | x 2 + 3y 2 = 0}. Our aim is to compute the right hand side in Lemma 12 by calculating #X(R) for the residue rings R = Z/p k Z. By the properties of f , this investigation naturally splits into two cases.
4.1.
The case p ≡ 1 mod 3 Lemma 14. Let i ≥ 0 and p ≡ 1 mod 3. Then the following hold:
Proof. (i): As p is congruent 1 modulo 3, the Legendre symbol (
p ) evaluates to 1, that is, −3 is a quadratic residue modulo p. The prime p being odd, we can find therefore α ∈ Z/p i Z such that α 2 = −3 in Z/p i Z. In particular our binary quadratic form f factors as X 2 + 3Y 2 = (X + αY )(X − αY ). As
is a bijection, it is sufficient to count the cardinality of the set on the right hand side. We have
where E l resp. E ≥i−l denotes the set of elements with valuation equal to l resp. greater or equal to i − l and U is the set
(ii): First note that for k ≥ i we have
Thus we conclude that µ(M i ) is equal to
The case p ≡ 2 mod 3
Lemma 15. Let i ≥ 0 and p ≡ 2 mod 3. Then the following hold:
Proof. First note that by assumption, −3 is not a square modulo
with units ε, ε ′ . Denoting by s the minimum min(2j, 2j ′ ) we obtain i > s and moreover
Since s = 2j or s = 2j ′ this implies that −3 is a square modulo p i−s , a contradiction. This shows that all elements (x, y) ∈ X(Z/p i Z) have to satisfy y 2 = 0, x 2 = 0 and we
(ii): As in the proof of Lemma 14 we obtain
We can now combine these results:
Theorem 16. Assume that Conjectures 6 and 10 hold. Then for all primes p > 3 the following hold:
for all K ∈ K and for i ≥ 0 we have
(ii) If p ≡ 1 mod 3, then for i ≥ 0 we have
Results and heuristics
We compute the p-adic valuation of p-adic regulators for all cyclic cubic extensions of Q with discriminant up to 10 16 for p < 100. The distribution table of p-adic valuation of p-adic regulators for four values of p (5, 7, 11 and 13) are provided here and compared with Conjecture 1, see Tables 1, 3 , 2 and 4. As p increases, both the expected and observed number of fields with higher valuations drop significantly, reducing their effectiveness to provide heuristics for our conjecture. The distribution tables for these remaining values of p are available in the appendix.
p = 5 and p = 11
The results are in Table 1 and Table 2 respectively. As 5 ≡ 2 mod 3 and 11 ≡ 2 mod 3, all fields are unramified. The distribution match closely with case 1 of Conjecture 1. 
p = 7 and p = 13
The results are in Table 3 and Table 4 respectively. Since 7 ≡ 1 mod 3 and 13 ≡ 1 mod 3, some of the fields in question are ramified, so the overall distribution is difficult to predict. However, once we separate the ramified and unramified extensions, we see again that the distributions match Conjecture 1 for both parts.
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